LIMITS OF TANGENTS OF A QUASI-ORDINARY 
HYPERSURFACE 



ANTONIO ARAUJO AND ORLANDO NETO 

Abstract. We compute explicitly the limits of tangents of a quasi-ordinary 
singularity in terms of its special monomials. We show that the set of limits 
of tangents of Y is essentially a topological invariant of Y. 



1. Introduction 

The study of the limits of tangents of a complex hypersurface singularity was mainly 
developped by Le Dung Trang and Bernard Teissier (see [4] and its bibliography). 
Chunsheng Ban [1 computed the set of limits of tangents A of a quasi-ordinary 
singularity Y when Y has only one very special monomial (see Definition 1 1 . 2j) . 
The main achievement of this paper is the explicit computation of the limits of 
tangents of an arbitrary quasi-ordinary hypersurface singularity (see Theorems l2.81 
and 1230]) . Corollaries l2"TLl l2"T2l and ETT51 show that the set of limits of tangents 
of Y comes quite close to being a topological invariant of Y. Corollary 12. 121 shows 
that A is a topological invariant of Y when the tangent cone of Y is a hyperplane. 
Corollary 12.141 shows that the triviality of the set of limits of tangents of Y is a 
topological invariant of Y. 

Let X be a complex analytic manifold. Let it : T*X — > X be the cotangent bundle 
of X. Let r be a germ of a Lagrangean variety of T*X at a point a. We say that 
F is in generic position if rri7r _1 (7r(a)) = Ca. Let Y be a hypersurface singularity 
of X. Let L be the conormal TyX of Y. The Lagrangean variety T is in generic 
position if and only if Y is the germ of an hypersurface with trivial set of limits of 
tangents. 

Let A4 be an holonomic 2?x-module. The characteristic variety of A4 is a La- 
grangean variety of T*X. The characteristic varieties in generic position have a 
central role in 2?-module theory (cf. Corollary 1.6.4 and Theorem 5.11 of [6] and 
Corollary 3.12 of [5]). It would be quite interesting to have good characterizations 
of the hypersurface singularities with trivial set of limits of tangents. Corollary |2.14l 
is a first step in this direction. 

After finishing this paper, two questions arose naturally: 

Let Y be an hypersurface singularity such that its tangent cone is an hyperplane. 
Is the set of limits of tangents ofYa topological invariant ofY? 
Is the triviality of the set of limits of tangents of an hypersurface a topological 
invariant of the hypersurface ? 

Let p : C n+1 — > C" be the projection that takes (x, y) — (x%, . . . ,x n ,y) into x. Let 
Y be the germ of a hypersurface of C n+1 defined by / G C{xi, . . . , x n , y}. Let W 
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be the singular locus of Y. The set Z defined by the equations / = df /dy = is 
called the apparent contour of / relatively to the projection p. The set A = p{Z) 
is called the discriminant of / relatively to the projection p. 

Near q G Y\Z there is one and only one function ip G Oc«+i. 9 such that f(x, f(x)) = 
0. The function / defines implicitly y as a function of x. Moreover, 

Let 9 = £idxi + . . .t; n dx n + rjdy be the canonical 1-form of the cotangent bundle 
T*C n+1 = C n+1 x C„+i. An element of the projective cotangent bundle P*C" +1 = 
C" +1 x P„ i s represented by the coordinates 

(xx, ...,x n ,V,€i ■ ■■■ ■ £n : V)- 
We will consider in the open set {77 ^ 0} the chart 

(xx, . . .,x n ,y,px, ■ ■ ■ ,p n ), 

where pi — —£i/r), 1 < i < n. Let To be the graph of the map from Y \ W into P„ 
defined by 

/ s f df df df 

\dxx ' ' dx n ' dy 

Let r be the smallest closed analytic subset of p*C" +1 that contains To. The 
analytic set T is a Legendrian subvariety of the contact manifold P*C" +1 . The 
projective algebraic set A = L n 7r _1 (0) is called the set of limits of tangents of Y. 

Remark 1.1. It follows from that 

ILL- .... HL-'lL) f-^L ..... _ : A on y \ Z 

dx\ dx n dy J \ dxx dx n J 

Let cx,-..,Cn be positive integers. We will denote by C{x^ Cl , . . . ,xl/ Cn } the 
C{xx, ■ ■ ■ , x n } algebra given by the immersion from C{xx, • ■ • , x n } into C{tx, • ■ • , t n } 
that takes Xi into t^ ,1 < i < n. We set x X J Cz = ti. Let ax, - ■ ■ ,a n be positive ra- 
tionals. Set a, = &j/cj,l < i < n, where (6i,Cj) = 1. Given a ramified monomial 
M ^xl 1 --- = tX 1 ■ ■ ■ t b n " we set O(M) = C{x\ /ci xl/ Cn }. 
Let Y be a germ at the origin of a complex hypersurface of C" +1 . We say that Y is 
a quasi-ordinary singularity if A is a divisor with normal crossings. We will assume 
that there is I < m such that A = {xx ■ ■ ■ x\ = 0}. 

If Y is an irreducible quasi-ordinary singularity there are ramified monomials 
N ,Nx,...,N m ,gi G O(Ni),0 < i < m, such that N a = 1, A,_i divides N t in 
the ring 0(Ni), gi is as unity of 0(Ni), 1 < i < m, g a vanishes at the origin and 
the map x <— > (x, f(x)) is a parametrization of Y near the origin, where 

(1.2) ip = go + Nxgx + ■ ■ ■ + N m g m . 

Replacing y by y — go, we can assume that go — 0. The monomials Nt, 1 < i < m, 
are unique and determine the topology of Y (see j3]). They are called the special 
monomials of /. We set O = 0(N m ). 

Definition 1.2. We say that a special monomial Ni, 1 < i < m, is very special if 
{Ni - 0} ^ {Ni-x - 0}^ 
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Let Mi, . . . , M g be the very special monomials of /, where Mk = N nk , 1 = m < 
ri2 < ... < rig, 1 < k < g. Set Mo = l,n g +i = n g + 1. There are units /j of 
0(iV n(+1 _i), 1 < i < p, such that 

(1.3) <p = Mih + ,.. + M g f g . 

2. Limits of tangents 

After renaming the variables Xi there are integers rrik, 1 < k < g + 1, and positive 
rational numbers a^y, l<fc<fif, l<i<fc, 1<J< rn/c such that 

(2.1) M fe 1111''; i >>■ //• 

t=lj=l 

The canonical 1-form of p*C n+1 becomes 

(2.2) II "■■*''■''' >■ 

i=l i=l 

We set = —^ij/rj, 1 < i < g + 1,1 < j < rrii. Remark that 

, 9 on d y _ M i 

where o~ij is a unit of O. 

Theorem 2.1. am <Uc {r? = 0}. 

Proof. Set m = mi, ccj = iEij and a; = an,, 1 < i < to. Given positive integers 
Ci, . . . , c m , it follows from (|2. 31) that 



(2-4) If/' 1I', >: 

8=1 1 = 1 

for some unit of 0. By JT3J and (POj) . 



(2.5) 0(O)=/i(O)Ei"^JJ 

j'=i 

Hence 

m 

(2.6) r7 Er - ci =v>n^r a<Er=i % 

i=l 

for some unit ^. If there are integers c±, . . . , c m such that the inequalities 

(2.7) a k Y,]Li c j < c fei 1 < A: < m, 

hold, the result follows from (|2.6[) . Hence it is enough to show that the set £1 of 
the m-tuples of rational numbers (ci, . . . ,c m ) that verify the inequalities (|2.7[) is 
non-empty. We will recursively define positive rational numbers lj, Cj, Uj such that 

(2.8) lj < Cj < Uj, 
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j=l,. . . ,m. Let ci, Zi, ui be arbitrary positive rationals verifying (|2.8|h . Let 1 < 
s < m. If U,Ci, m are denned for i < s — 1, set 



Es— 1 
7 = 1 



(2.9) Z s = - "—=4mr 3 i ^ = (a s /a a -i)c. 

i - E,= s ^ 

Since X)j> s a j < 1 an< ^ 



s-l- 



- - \ J—s— 1 3<s— 1 

m 

J=S-1 



it follows from (|2.8[) «_i that Z s < u s . Let c s be a rational number such that 

l s < c s < u s . Hence (|2.8L holds for s < in. 

Let us show that (ci, . . . , c m ) 6 Q. Since < Uk, then 



Then, for j < k, 



Ck < —^—Ck-i, for k > 2. 
a fe-i 



afc afc_i a, + i afe 
Cfe < Cj = — Cj 



Hence, 

(2.10) afcCj < aj-Cfe, for j > k. 



Since Ik < Ck, 



Hence, by (j2~TU|) . 



fc— 1 m 

J=l J=fc 



ft— 1 m 
3=1 j=k 

Therefore Ej=i c j < c fc- I— ' 

Theorem 2.2. Let 1 < k < g. Let I C {1, ...,mft}. Assume that one of the 
following three hypothesis is verified: 

(!) T,jei a kkj > i; 

(2) fc = 1, Ejei «iij = 1 and T,7=i ail i > V > 

(3) k > 2 and X^ e / a fefcj = 1- 

Then AC {U jeI tkj=0}. 

Proof. Case 1: We can assume that / = {l,...,n}, where 1 < n < mft. Set 
a>i = a-kki ■ Given positive integers c\ , . . . , c n , it follows from (|2.3[) that 

n n 

(2.H) He, 1K N - ' ' '/>- ■ ■ 
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where e G O. Hence it is enough to show that there are positive rational numbers 
ci , . . . , &n such that 

n 

(2.12) ak(^2 c j) -Ck>0, l<k<n. 

We will recursively define lj,Cj,Uj G ]0, +00] such that Cj, lj G Q, 

(2.13) l 3 <c 3 <u , 

j=l,. . . ,n, and Uj G Q if and only if J27=j a i < 1- Choose C\,l\,u\ verifying (|2 . 13[) . 
Let 1 < s < — Suppose that li,Ci,Ui are defined for 1 < i < s — 1. If 
J2] l =s a j < 1, set 

Es — 1 
• 2 Cj 

(2.14) i s = (a s /a s -i)c s -i, u s - 



1 - E;= s Oj ' 

Since 

(s-2 7 
a s -i > Co — c s _i(l — > a,) 

0.-1(1 -E i=a ai) \ 

it follows from (|2.13p «_i that l s < u s . 

If Sj l =s a j — 1' set Is as above and u s = +00. 

We choose a rational number c s such that l s < c s < u s . Hence (|2.13p c holds for 
1 < s < n. 

Let us show that c\ , . . . , c„ verify (|2.12[) . We will proceed by induction. First we 
will show that ci, . . . , c„ verify (|2.12[L . Suppose that a n < 1. Since c„ < w„, we 
have that 

En-l 

1 — a„ 

Hence a n Ej=i c j > c n- If o n > 1, then 

n n 

a n J2c 3 >^2cj> c„. 
i=i i=i 

Hence (|2.12l) „ is verified. Assume that ci, . . . ,c n verify (|2.12lh .. 2 < k < n. Since 

n 

c,- > c k > Ck-%. 

3=1 

Hence a fc _i E"=i 9 > c fc-i- Therefore (ci, . . . ,c„) verify (|2.12j) t ._i . 

Case 2: Set a 3 = auj and Xj = sij. We can assume that / = {1, . . . ,n}, where 

1 < n < mi. Given positive integers c\, . . . , c„, it follows from (jl.2l) that 



(2.15) 



IK II 



4 £, 



i=l 
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where e E O and e(0) = 0. Hence it is enough to show that there are positive 
rational numbers ci, . . . , c n , such that 

n 

(2.16) ak^^Cj = ck, l<k<n. 

3 = 1 

We choose an arbitrary positive integer c\. Let 1 < s < n. If the a are defined for 

i < s, set 

(2.17) c s = —~-c a -\. 

a s -i 

Let us show that Ci, . . . , c n verify (|2.16p . We will proceed by induction in fc. First 
let us show that (I2.16p „ holds. 
Let j <n- 1. By (j2T7|) . 

0>n-l 0>n— 2 a j+l a>n—\ 

(2.18) Cn-i = — Cj = Cj. 

ftn-2 &n-3 CLj CLj 

By (|2.17|) . and since Y^j=i a j = 1; 

n— 1 n — 1 

Cn-1 , 1 V"^ \ Cn-l a 
-Cn-1 = (1 - > aj) = } — ■■ 

Hence, by (|2~T51) 



7 

Cn-1. 



Cn-1 



n-1 



3=1 



Therefore, Y^j=i c j = Cn-i/^n-i- Hence by (|2.17l) . 

n 
\ - 

CL n J ^ Cj CL n - 



, «n-l 



Therefore ([2~16jL holds. 

Assume ([2~TCl) t . holds, for 2 < k <n. Then 



Cj — c k = Ck-x- 

. , afe-i 



Hence, au-i YTj=i c j = c fc-i- 

Case 3: We can assume that / = {1, . . . ,n}, where 1 < n < m^. Given positive 
integers c\ , . . . , c„ , it follows from (12.31) that 



lie IK; >: ' ' '/>- ' -• 
1=1 \i=i / 

where e E O and e(0) = 0. We have reduced the problem to the case 2. □ 
Theorem 2.3. If J\=i a iij = 1, A is contained in a cone. 

Proof. Set a; = am,i = 1, ...OTi. Given positive integers ci,...,c mi , there is a 
unit cj) of O such that 

(2.i9) i[& = (-i) E ™= iic ^n^ =ic ' 0i ~ Cij ? Er=lic '- 
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By the proof of case 2 of Theorem [221 there is one and only one mi -tuple of integers 
ci,...,c mi such that (ci,...,c mi ) = (1), a, Y^jli c j = c n 1 < * < m i, and A is 
contained in the cone defined by the equation 

mi 

(2.20) n & - (-1)^1 °* C] = 0, 

i=l 

where ^(0) is given by (|2.5p . □ 

Remark 2.4. Set £>* = G C : < \x\ < e}, where < e « 1. Set /i = ™fc- 
Let (T : C — > C M be a weighted homogeneous curve parametrized by 

a(t) — {£kit a, ")l<k<g+l,l<i<m k ■ 

Notice that the image of a is contained in C M \ A. Set 9o(t) = 1 and 
dtp 

M*) = tt^M*). vM*)))> 1 < k < 9 + 1, i < * < m k , 

ox ki 

for £ G D*. The curve cr induces a map from D* into F defined by 

(t) : o (t)). 

Let i? : D* — > P^ be the map defined by 

(2.21) £ (ffu(i) : • • • : g+ i, mg+ i(£) : O (*)). 

The limit when £ — s> of $(£) belongs to A. The functions are ramified Laurent 
series of finite type on the variable t. Let ft, a be ramified Laurent series of finite 
type. If h = 0, we set v(h) — oo. If ft ^ 0, we set v(h) — a, where a is the 
only rational number such that lim £" Q ft(£) € C \ {0}. We call a the valuation of ft. 

Notice that the limit of ■& only depends on the functions 6ki , 9q of minimal valuation. 
Moreover, the limit of ■& only depends on the coefficients of the term of minimal 
valuation of each 9ij,9g. Hence the limit of i9 only depends on the coefficients of 
the very special monomials of /. We can assume that m g+ i = and that there are 
A fc G C \ {0}, 1 < k < g, such that 

g 

(2.22) V = ^\ k M k . 

fc=i 

Remark 2.5. Let I be a finite set. Set C L = {(x a ) a eL '■ x a G C}. Let J2aeL^adx a 
be the canonical 1-form of T*C L . Let A be the subset of Pl defined by the equations 

(2.23) J[^ = 0,lel, 

a€l 

where X C V(V). Set X' = { J c L : J n I ^ for all I G I}, I* = { J G X' such 
that there is no K G X' : A' C J, If ^ J}. The irreducible components of A are the 
linear projective sets A,/, J G X* , where Aj is defined by the equations 

£,a = 0, a G J. 

Let Y be a germ of hypersurface of (C L , 0). Let A be the set of limits of tangents 
of Y. For each irreducible component Aj of A there is a cone Vj contained in the 
tangent cone of Y such that Aj is the dual of the projectivization of Vj. The union 
of the cones Vj is called the halo of Y. The halo of Y is called "la aureole" of Y in 

a- 
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Remark 2.6. If A is defined by the equations (|2.23j) . the halo of Y equals the union 
of the linear subsets Vj, J G I* of C L , where Vj is defined by the equations 

x a = 0, a G L \ J. 
Lemma 2.7. The determinant of the n x n matrix (A, — <5y ) equals 

n 

(-!)«(! _^ Ai ). 
»=i 

Proof. Notice that det(Ai — &y) = 





1 






1 


^ In-1 


1 




—In— l 




Ai ■ ■ ■ A n _i 


A„-l 




••■ 


e;u a, - 1 



□ 

Theorem 2.8. Assume that Y^i a m < 1- , $' e * 

L = u L 2 { fc l x {!> • • • . m k}, i = uL 2 {{ fc l x 1 ■ akk J - 

The set A is the union of the irreducible linear projective sets Aj, J G 1* , defined 
by the equations r\ — and 

(2.24) £y =0, G J. 

The tangent cone ofY equals {in • • • Xi mi = 0}. The halo ofY is the union of the 
cones Vj, J G T* , where Vj is defined by the equations X\j =0, 1 < j < mi, and 

(2.25) Xk 3 = 0, (k,j) € L\J. 

Proof. Let us show that Aj C A. We can assume that there are integers ni, . . . ,n g , 
1 < nk < m,k, 1 < k < g, such that J = U^ =1 {fc} x {n k + 1, . . . , m^}. We will use 
the notations of Remark 12.41 

Set m = J2k=i TOfc ' 71 = m ~ Assume that there are positive rational numbers 
«fc, /8fc, 1 < fc < 9, such that a fci = a k if 1 < ?. < n k , a ki = /3fc if n k + 1 < i < m k , 
and a fc > (3 k , 1 < fc < g. Since v(6>fci) = v(M k ) - v{x ki ) = v(M k ) - a ki , 

\\md{t) G A } . 

Let ip : (C\ {0})" -)■ Aj be the map dehned by 

(2.26) i/>( eij ) = M{t). 

The map ip has components V'fci, 1 < i < "fc, 1 < < 5- In order to prove the 
Theorem it is enough to show that we can choose the rational numbers a k , f3 k in 
such a way that the Jacobian of ip does not vanish identically. We will proceed by 
induction in k. Let k = 1. Since a iii < 1> 71 1 = m i- Choose positive rationals 

ai,/3i, ai > There is a rational number «o < such that v(6n) = vq, for all 
1 < i < ni- 

Assume that there are a k ,/3 k such that v(0 k i) = «o for 1 < i < rife and v(0 k i) > uo 
for rife + 1 < i < TOfc, fc = 1, . . . , u. Set 

_ OL u + 2^fe=l 2^i=l l a ti+l,fc,i — a uki)0!ki 

QLu+l — ; y^"u+i ~ ■ 

1 — Z^i=l a u+i,«+i,j 
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Since the special monomials are ordered by valuation and, by construction of Aj, 
akki < 1 f° r all 1 < < <?, Q.u+1 i s a positive rational number. Choose a 
rational number /3 u +i such that < (3 u +i < c* u+1 . Set 

a u+l : u+l,i(3 u +l 

a u+ i - a u+1 H ■ 

1 _ l^i=l a u+l,u+l,i 

Then, v(0 u+lti ) = v(M u+1 ) - a u+1 = v(M u ) - a u = v for 1 < i < n u+1 . 

Set Mk = rii = i IIj=i £ °ij i3 1 l<*< n fc,l<fc<5- With these choices of a^, we 
have that 

ipki = — kCLkkl , 1 < i < n k , 1 < k < g. 

Ski 

Let D be the jacobian matrix of tp. Since dipki/ de U j — for all u > k, D is upper 
triangular by blocks. Let D k be the k-th diagonal block of D, 1 < k < g. We have 
that 

( M k \ 

Dk = akki(a-kkj — Oij) . 

\SkiSkj I 

By Lemma 1277] det(Dk) — A(l — fl fefcO I0r some A G C\{0}. Hence A contains 
an open set of Aj. Since A is a projective variety and Aj is irreducible, A contains 
Aj. □ 

Theorem 2.9. Assume that ffi ni > 1- Set 

L = U 9 k=1 {k}x{l,...,m k }, Z = u£ =1 {{fc}x/:^a fefe , > 1}. 

The set A is the union of the irreducible linear projective sets Aj, J 6 I* , defined 
by the equations \2.2J$. 



The tangent cone ofY equals {y = 0}. The halo ofY is the union of the cones Vj, 
J G T* , where Vj is defined by the equations y = and t\2.25} . 



Proof. The proof is analogous to the proof of Theorem 12.81 On the first induction 
step we choose 

g _ f l-E£l°llA a 
Pi — „mi Q!l< 

\ Z^=„ 1+ i / 

Hence f3\ < a±, v(9u) = v(rj) = for 1 < i < n\ and v(6u) > for ni + 1 < i < mi. 
The rest of the proof proceeds as in the previous case. □ 

Theorem 2.10. Assume that am = 1. Set 

L = U L 2 W x {!>••• . m *}, 1 = u L 2 {{ fc l x 7 : H a fefej > !}■ 

j'ei 

T/ie sei A is the union of the irreducible projective algebraic sets Aj, J G T* , where 
A j is defined by the equations l\2.20$ and l\2.24ty . 

There are integers c,di such that am = di/c,l < i < mi and c is the Led. of 
di, . . . , d mi . The tangent cone of Y equals 

nil 

(2.27) y c -f(o) c Y[4l=0- 
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The halo of Y is the union of the cones Vj, J G I* , where Vj is defined by the 
equations (£25} and (2J% . 

Proof. Following the arguments of Theorem 12. 81 it is enough to show that Aj C A 
for each Jel*. Choose J 6 I*. Let Aj be the linear projective variety defined 
by the equations (|2.24|) . We follow an argument analogous to the one used in 
Theorem 12.81 We have n\ — m\. We choose positive rational numbers a\,fi\ such 
that f3\ < ot\. Then v{6n) — for all i = 1,... , mi- The remaining steps of the 
proof proceed as before. Hence 

limtf(i) e A j. 

Let ip : (C\ {0})" -> Aj be the map defined by (|2~2"o) . By Theorem 1X51 the image 
of ip is contained in A,/. By Lemma [2.71 det(Di) = 0. Let D'\ be the matrix 
obtained from D\ by eliminating the mi-th line and column. Then det(D / 1 ) — 
A'(l - ETJi' 1 a kki) for some A' 6 C \ {0}. Hence, Aj C A. □ 

Let Y be a quasi-ordinary hypersurface singularity. 

Corollary 2.11. The set of limits of tangents of Y only depends on the tangent 
cone ofY and the topology ofY. 

Corollary 2.12. If the tangent cone of Y is a hyperplane, the set of limits of 
tangents ofY only depends on the topology ofY. 

Corollary 2.13. Let x" 1 • • • x^ k be the first special monomial ofY . If a% + • ■ • + 

afe ^ 1, the set of limits of tangents ofY only depends on the topology ofY. 

Corollary 2.14. The triviality of the set of limits of tangents of Y is a topological 
invariant of Y . 

Proof. The set of limits of tangents of Y is trivial if and only if all the exponents 
of all the special monomials of Y are greater or equal than 1 . □ 
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